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ON THE TWISTED QUADRATIC MOMENT FOR DIRICHLET
L-FUNCTIONS
SEOK HYEONG LEE AND SEUNGJAI LEE
Abstract. Given c, a positive integer, we give an explicit formula and an
asymptotic formula for ∑
χ(c) |L(1, χ)|2 ,
where χ is the non-trivial Dirichlet character mod f with f > c.
1. Introduction and statement of Results
Let c >1 be a given positive integer. Let f > c be an integer with gcd(f, c) = 1.
For all non-trivial Dirichlet character χ mod f , we consider the following sum
M (f, c) :=
∑
χ(c) |L(1, χ)|
2
.
This can be thought as a twisted version of quadratic moment
∑
|L(1, χ)|
2
, whose
asymptotic
∑
|L(1, χ)|2 =
pi2
6
φ(f)
∏
p|f
(
1−
1
p2
)
−
φ(f)2
f2

log f +∑
p|f
log p
p− 1


2
+ o(log log f).
was studied by Zhang ([4], [5]).
In this paper, we aim to provide the analogous formula for the twisted quadratic
moment M(f, c).
Theorem 1.1. We have
M(f, c) =
pi2
6c
φ(f)
∏
p|f
(
1−
1
p2
)
−
φ(f)2
f2

log f +∑
p|f
log p
p− 1


2
+O(
c3
f
+ log f).
Previous work on M(f, c) has been done mainly by Louboutin who calculated in
[2] the explicit formula for the twisted quadratic moment for not all χ but only the
odd ones. To be precise, let X−f := {χ : χ(−1) = −1} and X
+
f := {χ : χ(−1) = 1}
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denote the set of the odd and even Dirichlet characters mod f respectively. Also
let χ0 denote the trivial character mod f . Set
M− (f, c) :=
∑
χ∈χ−
f
χ(c) |L(1, χ)|
2
,
M+ (f, c) :=
∑
χ∈χ+
f
χ6=χ0
χ(c) |L(1, χ)|
2
.
Louboutin proved the following result ([2] Theorem 1):
M− (f, c) =
pi2
12c
φ(f)2
f

∏
p|f
(
1 +
1
p
)
−
3c
f

− pi2φ(f)
4cf2
∑
d|f
dµ (f/d)S (c, d) ,
where S(c, d) is defined by
S(c, d) :=
c−1∑
a=1
cot
(pia
c
)
cot
(
piad
c
)
(gcd(c, d) = 1).
Since M (f, c) = M− (f, c) + M+ (f, c) , it is natural for one to study the even
characters,M+(f, c) to prove Theorem 1.1. Thus we state and prove the following
results:
Theorem 1.2. We have
M+ (f, c) =
φ(f)
f2
∑
d|f
µ
(
f
d
)
d
(
log
(
f
d
)2
+R(c, d)
)
−

φ(f)
f
∑
p|f
log p
p− 1


2
where R(c, d) is defined by
R(c, d) :=
d−1∑
k=1
log (2 sin(pik/d)) log (2 sin(pick/d)) .
Theorem 1.3.
M+(f, c) =
pi2
12c
φ(f)
∏
p|f
(
1−
1
p2
)
−
φ(f)2
f2

log f +∑
p|f
log p
p− 1


2
+O(
c3
f
+ log f).
2. Preliminary calculations
In this section, we demonstrate essential preliminary calculations which will be used
repeatedly in the later sections.
2.1. Formula for the value L(1, χ). Let χ denote the non-trivial Dirichlet char-
acter mod f. Our goal is to show the following.
Lemma 2.1. Let ζf = e
2pii/f . We have
L (1, χ) =
{
− 1f
∑f−1
a=1 χ(a)
∑f−1
j=1 ζ
aj
f log
(
2 sin pijf
)
if χ ∈ X+f , χ 6= χ0
pi
2f
∑f−1
a=1 χ(a) cot
pia
f if χ ∈ X
−
f .
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Proof. First, note that
L(1, χ) =
ˆ 1
0
∑f
a=1 χ(a)x
a−1
1− xf
dx.
By using the formula for partial fractions
f(X)∏n
i=1(X − αi)
=
n∑
i=1
f(αi)∏
j 6=i(αj − αi)
1
X − αi
where α1, α2, · · · , αn are all different and f is polynomial of degree < n, we have∑f
a=1 χ(a)x
a−1
1− xf
=
1
f
f−1∑
a=1
χ(a)
f−1∑
j=1
ζ
(a−1)j
f
1− ζ−jf x
.
This gives
L(1, χ) =
ˆ 1
0
∑f
a=1 χ(a)x
a−1
1− xf
dx =
1
f
f−1∑
a=1
χ(a)
ˆ 1
0
f−1∑
j=1
ζ
(a−1)j
f
1− ζ−jf x
dx.
Take the branch cut along the negative real axis. One can easily see thatˆ 1
0
dx
1− ζ−jf x
= −ζjf log
(
1− ζ−jf
)
= −ζjf log
(
2 sin
pij
f
)
+ iζjf
(
pij
f
−
pi
2
)
.
Combining all together, we get
L (1, χ) =
1
f
f−1∑
a=1
χ(a)ζ
(a−1)j
f

f−1∑
j=1
−ζjf log
(
2 sin
pij
f
)
+ iζjf
(
pij
f
−
pi
2
)
=
1
f
f−1∑
a=1
χ(a)
f−1∑
j=1
ζajf
(
− log
(
2 sin
pij
f
)
+ i
(
pij
f
−
pi
2
))
.
For χ odd (χ (−1) = −1) , we have χ (f − a) = −χ(a). Substituting a′ = f − a,
j′ = f − j changes sign of χ(a) but leaves ζajf and log
(
2 sin pijf
)
the same. Hence
L (1, χ) = −
1
f
f−1∑
a=1
χ(a)
f−1∑
j=1
ζajf · i
(
pi
2
−
pij
f
)
.
By expanding this out,
L(1, χ) = −
1
f
f−1∑
a=1
χ(a)
(
ipi
2
+
pi
1− ζaf
)
= −
ipi
f
f−1∑
a=1
χ(a)
(
1− ζaf
)−1
= −
ipi
f
f−1∑
a=1
χ(a)
(
1− ζ−af
)
∣∣∣1− ζaf ∣∣∣2
= −
ipi
f
f−1∑
a=1
χ(a)
(
1− cos 2piaf + i sin
2pia
f
)
4 sin2 piaf
.
Again, changing a′ = f − a cancels out the part (1− cos(2pia/f))/(4 sin2 pia/f). So
the remaining part gives
L(1, χ) = −
ipi
f
f−1∑
a=1
χ(a)
(
i sin 2piaf
)
4 sin2 piaf
=
pi
2f
f−1∑
a=1
χ(a) cot
(
pia
f
)
.
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For χ even, note that this time only the sign of pi2 −
pij
f changes. By the similar
arguments, the parts involving i
(
pi
2 −
pij
f
)
vanish. Therefore we have
L (1, χ) = −
1
f
f−1∑
a=1
χ(a)
f−1∑
j=1
ζajf log
(
2 sin
pij
f
)
.

Remark. One can check that our result for odd χ is identical with Louboutin’s
result in [1], Proposition 1.
2.2. Asymptotic for harmonic series. We first note
∑
|n|<X,n6=0
1
|n|
= 2 logX + 2γ +O(
1
X
)
where γ is the Euler-Mascheroni constant.
Proposition 2.2. Define the function F : R− Z→ R as
F (x) :=
∑
−∞<n<∞
(
1
|n− x|
−
1
|n|
) +
1
|x|
.
For a > 0 and b not divisible by a, we have
∑
|n|<X,n≡b(moda)
1
|n|
=
2 logX − 2 log a+ 2γ
a
+
1
a
F (
b
a
) +O(
1
X
),
where the implied constant (for O) does not depend on a, b,X .
Proof. First, we discuss the well-definedness of F (x). The summand has size
1
|n− x|
−
1
|n|
=
|n| − |n− x|
|n||n− x|
= O(
|x|
n2
)
for n > 2|x| so the series converges, and we can also see
F (x) =
∑
|n|<X,n6=0
(
1
|n− x|
−
1
|n|
) +
1
|x|
+O(
|x|
X
).
Now, we observe
∑
|n|<X,n≡0(moda),n6=0
1
|n|
=
∑
|m|<X/a,m 6=0
1
|am|
=
2 logX − 2 log a+ 2γ
a
+O(
1
X
).
So it suffices to show∑
|n|<X,n≡b(moda)
1
|n|
−
∑
|n|<X,n≡0(moda),n6=0
1
|n|
=
1
a
F (
b
a
) +O(
1
X
).
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Let n = ma+ b and n′ = ma. One can represent their differences as∑
|n|<X,n≡b(moda)
1
|n|
−
∑
|n′|<X,n′≡0(moda),n′ 6=0
1
|n′|
=
∑
|m|<X/a,m 6=0
(
1
|ma+ b|
−
1
|ma|
)
+
1
b
+O(
1
X
)
=
1
a

 ∑
|m|<X/a,m 6=0
(
1
|m+ ba |
−
1
|m|
)
+
1
b/a

+O( 1
X
)
=
1
a
F (
b
a
) +O(
1
X
).
Hence our claim holds. 
Remark. One can see that if we further define F (n) = 0 for n ∈ Z, then the formula
above also holds for a|b.
Throughout the rest of this paper, let F (x) be the function as defined in Proposition
2.2.
Proposition 2.3. The function F satisfies the following property:
(a) F (x+ 1) = F (x) = F (1− x).
(b) For 0 < x < 1, if we define G(x) to be
F (x) =
1
x
+
1
1− x
− 1 +G(x)
then |G(x)| = O(x(1 − x)).
Proof. (a) It can be checked easily by arranging the terms appropriately.
(b) For 0 < x < 1 we have
F (x) =
1
x
+
1
1− x
+
1
1 + x
+
∑
n≥2
(
1
n− x
+
1
n+ x
−
2
n
)
=
1
x
+
1
1− x
− 1 +
∑
n≥2
2x2
n(n2 − x2)
−
x
1 + x
.
So it is immediate that
G(x) =
∑
n≥2
2x2
n(n2 − x2)
−
x
1 + x
can be extended to well-defined function on (−1/2, 3/2) and G(0) = 0. Also, as we
subtracted symmetric terms, G(x) too satisfies G(x) = G(1 − x). Hence G(1) = 0,
and |G(x)| = O(x(1 − x)) follows. 
Remark. On 0 < x < 1, The function F can be represented using the digamma
function ψ(z) = Γ′(z)/Γ(z) as
F (x) = −2γ + ψ(1 + x) + ψ(1− x) +
1
x
.
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Proposition 2.4. We have ∑
0<a<d
F (
a
d
) = 2d log d.
Proof. We consider ∑
|n|<X,n6=0
1
|n|
=
∑
0≤a<d
∑
|n|<X,n≡a(d)
1
|n|
.
By Proposition 2.2, the left hand side becomes 2 logX+2γ+O(1/X) and the right
hand side becomes∑
0≤a<d
(
2 logX − 2 log d+ 2γ
d
+
1
d
F (
a
d
) +O(
1
X
)
)
= 2 logX + 2γ +
1
d
∑
0<a<d
F (
a
d
)− 2 log d+O(
d
X
).
This proves our claim. 
2.3. Other useful lemmas.
Lemma 2.5. ([3]) For ζf = e
2pii/f ,
∑
1≤a≤f
ζatf =
{
f − 1 if f |t,
−1 otherwise,
and ∑
(a,f)=1
ζatf =
∑
d|gcd(t, f)
µ
(
f
d
)
d =
φ(f)µ(f/(f, t))
φ(f/(f, t))
.
Lemma 2.6. ([3]) ∑
d|f
µ(d)
d
=
φ(f)
f
,
and ∑
d|f
µ(d) log d
d
= −
φ(f)
f
∑
p|f
log p
p− 1
.
Lemma 2.7. For |z| = 1
log |1− z| =
∑
n6=0
zn
2|n|
=
∑
|n|<X,n6=0
zn
2|n|
+O(
1
|1 − z|X
).
3. An exact formula for M+(f, c) : Proof of Theorem 1.2
In this section, we want to calculate the explicit formula for M+ (f, c). We start
from the following proposition.
Proposition 3.1.
M+ (f, c) =
φ(f)
f2
∑
d|f
µ
(
f
d
)
d
f−1∑
j,k=1
d|j−ck
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
−

φ(f)
f
∑
p|f
log p
p− 1


2
.
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Proof. First, recall Lemma 2.1,
L (1, χ) = −
1
f
f−1∑
a=1
χ(a)
f−1∑
j=1
ζajf log
(
2 sin
pij
f
)
for χ even. This gives
∑
χ∈X+
f
χ6=1
χ (c) |L (1, χ)|
2
=
∑
χ∈X+
f
χ(c)
∣∣∣∣∣∣
1
f
f−1∑
a=1
χ(a)
f−1∑
j=1
ζajf log
(
2 sin
pij
f
)∣∣∣∣∣∣
2
− χ0 (c)
∣∣∣∣∣∣
1
f
f−1∑
a=1
χ0(a)
f−1∑
j=1
ζajf log
(
2 sin
pij
f
)∣∣∣∣∣∣
2
.
To calculate the value for χ0, note that
m−1∑
j=1
log
(
2 sin
pij
m
)
=
m−1∑
j=1
log
∣∣1− ζjm∣∣
= logm.
This with Lemma 2.5 implies
1
f
f−1∑
a=1
χ0(a)
f−1∑
j=1
ζajf log
(
2 sin
pij
f
)
=
1
f
f−1∑
j=1
log(2 sin
pij
f
)
∑
(a,f)=1
ζajf
=
1
f
f−1∑
j=1
log(2 sin
pij
f
)
∑
d|f, j
µ
(
f
d
)
d
=
1
f
∑
d|f
µ
(
f
d
)
d
∑
0<j<f
d|j
log
(
2 sin
pij
f
)
=
1
f
∑
d|f
µ
(
f
d
)
d log
(
f
d
)
= −
φ(f)
f
∑
p|f
log p
p− 1
.
So we have
M+ (f, c) =
∑
χ∈X+
f
χ(c)
∣∣∣∣∣∣
1
f
f−1∑
a=1
χ(a)
f−1∑
j=1
ζajf log
(
2 sin
pij
f
)∣∣∣∣∣∣
2
−

φ(f)
f
∑
p|f
log p
p− 1


2
.
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Now, we can write
∑
χ∈X+
f
χ(c)
∣∣∣∣∣∣
1
f
f−1∑
a=1
χ(a)
f−1∑
j=1
ζajf log
(
2 sin
pij
f
)∣∣∣∣∣∣
2
=
∑
χ∈X+
f
χ(c)

 1
f
f−1∑
a=1
χ(a)
f−1∑
j=1
ζajf log
(
2 sin
pij
f
) ·
(
1
f
f−1∑
b=1
χ(b)
f−1∑
k=1
ζ−bkf log
(
2 sin
pik
f
))
=
1
f2
f−1∑
a, b, j, k=1
(a,f)=(b,f)=1

 ∑
χ∈X+
f
χ(a)χ(b)χ(c)

 ζaj−bkf log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
=
φ(f)
2f2
f−1∑
a, j, k=1
(a,f)=1
(
ζaj−ackf + ζ
aj+ack
f
)
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
as ∑
χ∈X+
f
χ(a)χ(b)χ(c) =
{
φ(f)
2 if ac ≡ ±b (mod f) ,
0 otherwise.
One can note that if we replace k by f − k, we observe
f−1∑
a, j, k=1
(a,f)=1
(
ζaj+ackf
)
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
=
f−1∑
a, j, k=1
(a,f)=1
(
ζaj−ackf
)
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
.
Hence we only need to consider the parts involving ζaj−ackf . This allows us to write
φ(f)
2f2
f−1∑
a, j, k=1
(a,f)=1
(
ζaj−ackf + ζ
aj+ack
f
)
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
=
φ(f)
f2
f−1∑
j, k=1
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
) f−1∑
(a,f)=1
(
ζ
a(j−ck)
f
)
=
φ(f)
f2
f−1∑
j, k=1
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
) ∑
d|f, j−ck
µ
(
f
d
)
d


=
φ(f)
f2
∑
d|f
µ
(
f
d
)
d
f−1∑
j,k=1
d|j−ck
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
.
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Thus we get
M+ (f, c) =
φ(f)
f2
∑
d|f
µ
(
f
d
)
d
f−1∑
j,k=1
d|j−ck
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
−

φ(f)
f
∑
p|f
log p
p− 1


2
.
as required. 
Next, we calculate
f−1∑
j,k=1
d|j−ck
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
.
Proposition 3.2. For d and f such that d | f ,
f−1∑
j,k=1
d|j−ck
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
= log
(
f
d
)2
+
∑
1≤u≤d−1
log
(
2 sin
picu
d
)
log
(
2 sin
piu
d
)
.
Proof. For k fixed and d | k, the condition d | j−ck is satisfied for j = d, 2d, . . . ,
(
f
d − 1
)
d.
So
(3.1)
∑
1≤j≤f−1
d|j−ck
log
(
2 sin
pij
f
)
=
∑
1≤j≤f−1
d|j
log
∣∣∣1− ζjf ∣∣∣
= log
∣∣∣(1− ζdf ) (1− ζ2df ) · · ·(1− ζf−df )∣∣∣
= log
(
f
d
)
.
For d ∤ k, the condition d | j − ck is satisfied by fd values of j, and they can be
chosen to be ck, ck + d, . . . , ck +
(
f
d − 1
)
d instead of their reduction by mod f.
Thus∑
1≤j≤f−1
d|j−ck
log
(
2 sin
pij
f
)
=
∑
1≤j≤f−1
d|j−ck
log
∣∣∣1− ζjf ∣∣∣
= log
∣∣∣(1− ζckf ) (1− ζckf ζdf ) (1− ζckf ζ2df ) · · ·(1− ζckf ζf−df )∣∣∣
= log
∣∣∣1− ζckf/df ∣∣∣
= log
∣∣1− ζckd ∣∣ .
= log
(
2 sin
pick
d
)
.
TWISTED QUADRATIC MOMENT 10
Combining this with (3.1) , we get
f−1∑
j,k=1
d|j−ck
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
=
f−1∑
k=1
d|k
log
(
2 sin
pik
f
) f−1∑
j=1
d|j−ck
log
(
2 sin
pij
f
)
+
f−1∑
k=1
d∤k
log
(
2 sin
pik
f
) f−1∑
j=1
d|j−ck
log
(
2 sin
pij
f
)
= log
(
f
d
)2
+
f−1∑
k=1
d∤k
log
(
2 sin
pik
f
)
log
(
2 sin
pick
d
)
.
Now, for
f−1∑
k=1
d∤k
log
(
2 sin
pik
f
)
log
(
2 sin
pick
d
)
,
k again can be grouped according to the remainder mod d. Let k = u + dv, 1 ≤
u ≤ d− 1, 0 ≤ v ≤ fd − 1. Then
f−1∑
k=1
d∤k
log
(
2 sin
pik
f
)
log
(
2 sin
pick
d
)
=
∑
1≤u≤d−1
∑
0≤v≤(f/d)−1
log
(
2 sin
pic (u+ dv)
d
)
log
(
2 sin
(
piu
f
+
piv
(f/d)
))
=
∑
1≤u≤d−1
log
(
2 sin
picu
d
) ∑
0≤v≤(f/d)−1
log
∣∣∣1− ζuf ζvf/d∣∣∣
=
∑
1≤u≤d−1
log
(
2 sin
picu
d
)
log
(
2 sin
piu
d
)
.
Hence we get
f−1∑
j,k=1
d|j−ck
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
= log
(
f
d
)2
+
∑
1≤u≤d−1
log
(
2 sin
picu
d
)
log
(
2 sin
piu
d
)
.
as required. 
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Finally, by combining Proposition 3.1 and 3.2 we get
M+ (f, c) =
φ(f)
f2
∑
d|f
µ
(
f
d
)
d
f−1∑
j,k=1
d|j−ck
log
(
2 sin
pij
f
)
log
(
2 sin
pik
f
)
−

φ(f)
f
∑
p|f
log p
p− 1


2
=
φ(f)
f2
∑
d|f
µ
(
f
d
)
d

log(f
d
)2
+
∑
1≤u≤d−1
log
(
2 sin
picu
d
)
log
(
2 sin
piu
d
)
−

φ(f)
f
∑
p|f
log p
p− 1


2
.
This proves Theorem 1.2.
4. An asymptotic formula for M+(f, c) : Proof of Theorem 1.3
First, we have to evaluate the kernel
R(c, d) =
d−1∑
k=1
log (2 sin(pik/d)) log(2 sin(pick/d))
=
d−1∑
k=1
log |1− ζkd | log |1− ζ
ck
d |.
Using the identity of Lemma 2.7, we expand out the log inside
R(c, d) =
d−1∑
k=1

 ∑
|m|<X1,m 6=0
ζmkd
2|m|
+O(
1
X1
)



 ∑
|n|<X2,n6=0
ζcnkd
2|n|
+O(
1
X2
)


=
∑
|m|<X1,|n|<X2
mn6=0
d−1∑
k=1
ζ
(m+cn)k
d
4|mn|
+O
(
logX1
X2
+
logX2
X1
)
.
This implies
R(c, d) =
∑
|m|<X1,|n|<X2
mn6=0, d|m+cn
d
4|mn|
−
∑
|m|<X1,|n|<X2
mn6=0
1
4|mn|
+O
(
logX1
X2
+
logX2
X1
)
.
Now, we have
∑
|m|<X1,|n|<X2
mn6=0
1
4|mn|
= (logX1 + γ)(logX2 + γ) +O
(
logX1
X2
+
logX2
X1
)
.
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and ∑
|m|<X1,|n|<X2
mn6=0, d|m+cn
d
4|mn|
=
∑
|n|<X2,n6=0
∑
|m|<X1,m 6=0,m≡−cn(d)
d
4|mn|
=
∑
|n|<X2,n6=0
d
4|n|
(
2 logX1 − 2 log d+ 2γ
d
+
1
d
F (
−cn
d
) +O(
1
X1
)
)
= (logX2 + γ)(logX1 − log d+ γ) +
∑
|n|<X2,d∤n
F (−cn/d)
4|n|
+O(
logX2
X1
)
= (logX2 + γ)(logX1 − log d+ γ) +
∑
0<e<d
F (
−ce
d
)
∑
|n|<X2,n≡e
1
4|n|
+O(
logX2
X1
)
= (logX2 + γ)(logX1 − log d+ γ) +
∑
0<e<d
F (
−ce
d
)
(
logX2 − log d+ γ
2d
+
F (e/d)
4d
)
+O(
logX2
X1
+
1
X2
)
= (logX1 + γ)(logX2 + γ) +
1
4d
∑
0<e<d
F (
−ce
d
)F (
e
d
)− (log d)2 +O(
logX2
X1
+
1
X2
)
as ∑
0<e<d
F (
e
d
) = 2d log d.
Combining these calculations, we get
R(c, d) =
1
4d
∑
0<e<d
F (
−ce
d
)F (
e
d
)− (log d)2 +O
(
logX1 + logX2
min(X1, X2)
)
.
As F is even, by sending X1 and X2 to infinity we can write
R(c, d) =
1
4d
∑
0<e<d
F (
ce
d
)F (
e
d
)− (log d)2.
Now, we will prove the following result:
Lemma 4.1. Let d > c coprime. We have
R(c, d) =
pi2
12
d
c
− (log d)2 +O(log d)
with the implied constant not depending on c.
Proof. We recall that for 0 < x < 1
F (x) =
1
x
+
1
1− x
− 1 +G(x)
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then G(x) = O(x(1 − x)). We have
R(c, d) =
1
4d
d−1∑
e=1
F (
ce
d
)F (
e
d
)− (log d)2
=
1
4d
d−1∑
e=1
(
1
{ce/d}
+
1
1− {ce/d}
− 1 +G(
ce
d
))(
1
e/d
+
1
1− e/d
− 1 +G(
e
d
))− (log d)2
where {α} is the fractional part of α. Note that both in {ce/d} and 1 − {ce/d},
elements of {1/d, 2/d, · · · , (d− 1)/d} appears once. So
|
1
4d
d−1∑
e=1
(
1
{ce/d}
+
1
1− {ce/d}
)(−1 +G(
e
d
))| = O(
1
4d
· 2
d−1∑
e=1
d
e
) = O(log d).
Same holds for the sum
|
1
4d
d−1∑
e=1
(−1 +G(
ce
d
))(
1
e/d
+
1
1− e/d
)| = O(
1
4d
2
d−1∑
e=1
d
e
) = O(log d)
and sum of G(ce/d)G(d) is obviously bounded too. So it remains to calculate
R(c, d) =
1
4d
d−1∑
e=1
1
e/d
1
{ce/d}
+
1
4d
d−1∑
e=1
1
e/d
1
(1 − {ce/d})
+
1
4d
d−1∑
e=1
1
(1− e/d)
1
{ce/d}
+
1
4d
d−1∑
e=1
1
(1 − e/d)
1
(1 − {ce/d})
− (log d)2 +O(log d).
Observe that if we replace e to d − e, we have (e/d) ↔ (1 − e/d) and {ce/d} ↔
{1− ce/d}. Hence we have
R(c, d) =
1
2d
d−1∑
e=1
1
(1− e/d)
1
{ce/d}
+
1
2d
d−1∑
e=1
1
e/d
1
{ce/d}
− (log d)2 +O(log d).
Let p = ⌊ce/d⌋. Then as p ranges from 0 to c− 1, we have
1
2d
d−1∑
e=1
1
(1− e/d)
1
{ce/d}
=
1
2d
c−1∑
p=0
∑
p<ce/d<p+1
1
(1− ed )
1
( ced − p)
.
For p < c− 1,
1−
e
d
> 1−
p+ 1
c
and ∑
p<ce/d<p+1
1
ce
d − p
<
1
1
d
+
1
c+1
d
+
1
2c+1
d
+ · · ·+
1
(d/c)c+1
d
= d(1 +
1
c
log
d
c
+ γ +O(
c
d
)) = O(
d
c
log d).
Thus
1
2d
c−2∑
p=0
∑
p< ce
d
<p+1
1
(1− ed )
1
( ced − p)
= O(
1
2d
c−2∑
p=0
1
1− p+1c
·
d
c
log d) = O(
1
2d
c
log c
d
c
log d) = O(log d).
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For p = c− 1, let t = d− e. Then 0 < t < d/c, and
1
2d
∑
c−1< ce
d
<c
1
(1− ed )
1
( ced − (c− 1))
=
1
2d
∑
0<t<d/c
1
t
d
1
1− ctd
=
c
2d
∑
0<t<d/c
(
1
ct/d
+
1
1− ct/d
).
Both sums are of O(d log d/c), so we have
1
2d
d−1∑
e=1
1
(1 − e/d)
1
{ce/d}
= O(log d).
For the second sum
1
2d
d−1∑
e=1
1
e/d
1
({ce/d})
=
1
2d
c−1∑
p=0
∑
p<ce/d<p+1
1
e
d
1
( ced − p)
,
the part which p ≥ 1 is bounded by
1
2d
c−1∑
p=1
∑
p<ce/d<p+1
1
e
d
1
( ced − p)
= O(
1
2d
c−1∑
p=1
1
p
c
·
d
c
log d) = O(
1
2d
c
log c
d
c
log d) = O(log d).
The part for p = 0 gives
1
2d
∑
0<e<d/c
1
e/d
·
1
ce/d
=
d
2c
∑
0<e<d/c
1
e2
=
dpi2
12c
(1 + O(
c
d
)) =
dpi2
12c
+O(1).
Combining all those results give
R(c, d) =
d−1∑
k=1
log(2 sin(pik/d)) log(2 sin(pick/d))
=
pi2
12
d
c
− (log d)2 +O(log d)
as required. 
For the case d < c, it will give
R(c, d) = R(cmodd) =
pi2
12
d
(cmod d)
− (log d)2 +O(log d).
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where (cmod d) is remainder of c by d. Keeping this in mind, we combine theorem
1 1.2 and Lemma 4.1 to obtain
M+(f, c) =
φ(f)
f2
∑
d|f
µ
(
f
d
)
d
((
log
f
d
)2
R(c, d)
)
−

φ(f)
f
∑
p|f
log p
p− 1


2
=
φ(f)
f2
∑
d|f
µ
(
f
d
)
d
((
log
f
d
)2
− (log d)2 +
pi2
12c
d+O(log d)
)
−

φ(f)
f
∑
p|f
log p
p− 1


2
+
φ(f)
f2
∑
d|f
d<c
µ
(
f
d
)
d
(
pi2
12
d
(cmod d)
−
pi2
12
d
c
+O(log d)
)
=
φ(f)
f2
∑
d|f
µ
(
f
d
)
d
((
log
f
d
)2
− (log d)
2
)
+
φ(f)
f2
pi2
12c
∑
d|f
µ
(
f
d
)
d2
−

φ(f)
f
∑
p|f
log p
p− 1


2
+O

φ(f)f2
∑
d|f
|µ
(
f
d
)
|d log d+
φ(f)
f2
∑
d|f
d<c
|µ
(
f
d
)
|d2

 .
One can see that the error term can be bounded as
φ(f)
f2
∑
d|f
|µ
(
f
d
)
|d log d ≤
φ(f)
f
∑
d|f
|µ(f/d)|
f/d
log f = log f
∏
p|f
(
1−
1
p
)(
1 +
1
p
)
< log f
and
φ(f)
f2
∑
d|f
d<c
|µ
(
f
d
)
| <
1
f
∑
d<c
d2 <
c3
f
and the second term contributes as the main term
φ(f)
f2
pi2
12c
∑
d|f
µ
(
f
d
)
d2 =
pi2
12c
φ(f)
∑
d|f
µ(f/d)
(f/d)2
=
pi2
12c
φ(f)
∏
p|f
(
1−
1
p2
)
.
For the rest,
φ(f)
f2
∑
d|f
µ
(
f
d
)
d
((
log
f
d
)2
− (log d)
2
)
=
φ(f)
f
∑
d|f
µ(f/d)
f/d
log f(2 log
f
d
− log f)
=
2φ(f) log f
f
∑
d′|f
µ(d′) log d′
d′
−
φ(f)(log f)2
f
∑
d′|f
µ(d′)
d′
=
2φ(f) log f
f
∑
d′|f
µ(d′) log d′
d′
−
φ(f)2(log f)2
f2
= −
(
φ(f) log f
f
)2
− 2
φ(f) log f
f
·
φ(f)
f
∑
p|f
log p
p− 1
.
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Thus our M+(f, c) has asymptotic of
M+(f, c) =
pi2
12c
φ(f)
∏
p|f
(
1−
1
p2
)
−
φ(f)2
f2

log f +∑
p|f
log p
p− 1


2
+O(c3f−1+log f).
This proves Theorem 1.3.
5. Conclusion
Theorem 1.1 is a direct consequence of Louboutin’s result in [2] and our Theorem
1.3. If we recall
M−(f, c) =
pi2
12c
φ(f)2
f

∏
p|f
(1 +
1
p
)−
3c
f

− pi2φ(f)
2cf2
∑
d|f
dµ(f/d)S(c, d),
since S(c, d) is the quantity depending only on d mod c, one can see that S(c, d) =
O(1). We also note that
pi2φ(f)
2cf2
∑
d|f
dµ(f/d)S(c, d) = O(
φ(f)
f
∑
d|f
|µ(f/d)|
f/d
) = O(
∏
p|f
(1−
1
p
)(1 +
1
p
)) = O(1)
and
pi2
12c
φ(f)2
f
3c
f
= O(1).
Hence
M−(f, c) =
pi2
12c
φ(f)2
f
∏
p|f
(1 +
1
p
) +O(1) =
pi2
12c
φ(f)
∏
p|f
(
1−
1
p2
)
+O(1).
Thus with our Theorem 1.3 we can conclude that
M(f, c) =
pi2
6c
φ(f)
∏
p|f
(
1−
1
p2
)
−
φ(f)2
f2

log f +∑
p|f
log p
p− 1


2
+O(log f)
as stated in Theorem 1.1.
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